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Abstract.

Imputed Social Cost

a loss f ction is available-speeifying..the social : cost an error

easuremint in the scotexon.a unidimensional test, an asymptotic method,

based on iteM-response theory, is developed for optimal eat desiga.for .a

specified target population of examinees. Since 'in the real wo_ld

'such loss functions are not available, Is. more useful to reverse

this prooess;. thus' amethod is developed for finding the loss funct.

for which a given test is an optimally'des gnedtest the target

population An illustrative applic ion presented for one.opera onal.

test.-



POr a unidimensional tea

ference between the:eNaminee4
f'

rror a - f

us ability

ability represented by th

between

sclassificarion,

and

expected social cos

Cost

May lead to Eromous

rdneoUs ac

associated

e '01

drit arty;

is given by some- loss _function 0)

The obvious

ion e how

le-a, here- called Problm

can we build all (optima

Minimize -the. expected loss over,a4pecifiectl target population of .examine

ertain constraints on the st characte

items inthe available item pool

1980; Hulin, Drasgow and Pars

A 14'

will be given' here for

hing ic-em response theory,

19831,' solution of, this problem

gmal tettat.

'Unfortunately, in prac

gnerknown to the test de-

however,

,_ -at and a' spe

s unli-lkely that L(6,

tithing of practical -Value ca

Can deal with -Problem 2; Given an existing unidimensional

fled target pap, latiotv of examinees, find the loss func-

for which this tsan op -timally designed tee

-'1kThe theoretical- work i
N00014-80-Q-0402, project de
Naval -Research and Education
using ETS data, was supported-b
indebted to Martha L. Stocking,

:bons 1-4was supported by contract
anon. NR I _50-453 between- the 'Office of

Sevice. The empirical, work,

Ands The :wr.4er is very much
0 was r=sponsible for obtaining the

empirical results reported. ix-1 Section 5.



Imputed Social- Cost

unction found for Problem 2 does not agree with our intuitive

notion as to wh'at 4s appropriate, we will probably redesign future

test forms to avoid this: discrepancy.

In order

this 'is- done

solVe .Problem 2, if is necessary first. to solve Pr biem 1:

the f- st section. -The solution t

in the second section. litvariance und

scale is 'discussed in Section 3.
r

distribution of < the target populatio

Problem 2 is lined

tran.sformations of the abi icy

Se tion 4

the ability d

An Allustra e applicdt

a method for est

is diScuSsed.

me ing

on to an actual lest is given. Section 5 T

final section briefly discusses some implications for optimal: t

design.

It is assumed here that all item pa emit rs have been d

by pretesting to sufficient accuracy

Aown. The illust at example and same

ttie three - parameter logistic model

which the reader assumed be

sre much more general. The exani actual store is

to be the maximum likelihood estimate of 0 , calculated frc=)m

nee s responses to the rz test items,

results

liar

t they ea

the disc

ermind

be treated

bas a.. on

tern response function. (with

but the proof s of the rain

assu

the e

d

ected Loss

For a g up of examinees at a vgj.ven abl

expected loss is by definition

y the cotilitional
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tion.

by
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4

the conditional dis lb on And S. denotes expe ta-

If the clistribu on cf ability 0. in the tavget 'population is denated

then the overall r (unconditional) expected loss is by definition

This is the quantity to be in ized b op imal test design,

Loss Function-

Certain reasonably assumptions Will be made "about the losslunctiO

because .wh 0 there---16 no e on of measure-

ment and hence no loss due to error of 'Ilea ure en

When 6 '0 8. , L(0,0)

When near the loss function: its fisttwo

derivatives with respect to 8 are continuous, the third'

derkvative is bounded. [These conditions will guarantee the

convergence at (3) 1

The loss function does not- change :too sharply with change

(as will be discussed late )

o fixed expand L powers of obtaining

-+
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and 1.."(0,0) denote successive: derive

sect zo e , evaluated at 8
A

there Is no error of-measurement when'

because fo

The first rm vanishes

The second

has a minimum at

plus higher order terms.

lett er powers of (8 - 0) can be neglected is not too small,

In probability as n

When (3) ,is substituted into (1) L' (0 In comes put-from un

otgratiorns=ign It,is.then apparent: that asymptotically that

(Lord; ,198Q,'P 59].'

for layge

se theory,

of the test

asymptotic (conditional) variance of.4,

ormation function i(e). fLordo 1980,

e Shall rewrite the expected loss (2)

-27

12112.Lgin
) .

F notion

response function. E P (0 is the probability

for item i by a randomly

-he information- fi

chosen examidee at



whe` Qi P and Pi_ -dP- e"

'Ordinarily a Pi

Furthermore, b. is

affects Pi

depends on-an. item difficulty parameter

typically- simply a translatiom parameter:

only through the difference - b. In this standard

situation, b3 al 0. affecIS P only through the difference 0 - b
_

Thus the area under any function. F of P and "PT overe whole

is independent cif b

thus doed not 'de ena on

umed here

In the s

unction

'The. area` under the test information function.

in these typical models, which will be

ecial case where

P (
exp 7 7_ - b



and

d'

P,2

Z,. d

is r04
."= E

1.7a. 1

f

This area dries not depend on

Test Constraints

1. 7a .

:Imputed Social Coat

Pi dpi.

P
e 7 . f dpi

C

=7a. 1
dP EP -c,

÷. c log ei
c

There are always, constraints on .the availability of items for test

construction. IteM VT can control to a considerable' extent the

difficulty level of the items they write. The discriminating power of

the available items, however, .ca.n ordinarily be increased only by writing

more items - ,and then discardin a larger:percentage-ofthe items written-

an expensive procedure.

It will be assu ed here that the teat developer ha 's available,an.,

unlimited poolof items at Whatever diffidulty levels he_or she may specify.

The items in pool have already been pr ested; faulty i

especially those with 1 discriminating power' have 'already bee

,carded. The test developer is to build parallel.form- of a test from

the item pool; selecting items only on the basis of their difficulty
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so that each parallel-form has the same distribution of b
7,

. 1-.-._ .

.. -. ..
.

cannot be:- :selected en- the-basis of theit:diScriminating power, Since- 'ail

items not dis ded after pretesting must eventually be 'used:. In the actual

test roduced, the 'frequency distribution other item parameter such

to be the as in the total pool Of pre

-P

items discriminating power, is

tested items. It will be assumed here.

independent of the.item difficother, item parameters` is

assumption should ---:be

This assumption

. the-test items;

hat in the item pool the dia Ibution_

checked

may 'fail

ften

ItY_ -,This

mpirically for any practical application-

o hold because of natures c

it alSo fails to hold simply becauSe-pretegt item-
.

test biserfals have been-gsed instead flthe IRT discrimination parameter -

to excluae-poorly discriminating items from the, ava

When item -test biserials a used in this way for multipl

the harder the item, the hi he the a
i

to escape exclusion the item pool.

able item pool.

°ice

parameter must, be-fOr the

This is true b cuse Maoris items

with identical the more .guessing the

It follows fro these, assumptions that the

lower he item- test bise al.

total area under

test,-.information -function is fixed. The task

minimize (L) by choice, of

variables are available to the test developer

Minamix&tion

By the Cauchy inequality,-,

Ln-I. L"g

Ihe.test devel pe to

1, 2 , ) ; no other

for achieving .this

12

minim nation.



Here, e= first inte i.As twice

. -
abbreviated notation- --

In Problem 1, 'L"-(0,0)- and g(0) ate _knownr-furtherMore l I

the-:reasoning f-the-laat-two-subsections-,It=folia

there is an 1(0) such that equality holds in (9)`,.then th s_is the

I(0) that minimizes the expected loss Equality will hold in (9)

Provided

1 is p tional_to e,e) g

lionaynits
-The loss function. 1.,(0

necessarily expressed in terms of:-some

------arbittary-Unit--(do llar4-pes0,-..). It y=_be_convenient_to_nhoose

nit so that the area under

this last being a- known and fixed qUantity-determined by"n and by the

[L"(0,0) g(0)] is equal-to_ )- de.

Item parameters; excluding the b of the item Pool. Once this choice

of unit has been, made, the-expected'loss will minimized- =if the

can build a test ith

test



_g the Test _

rnbaum- [1968, 20;6] sugg-sted an effective cut-and-try-

method Uilding- a test having -Tapp ately)- a- prespecified

target information function,- The method is Outlined in,Loa. [1980,-

Section 5.4]. The. _ method fellows easiJor from the fact that the test
information function is simply a sum of--the--information-Unconsc -

P Q ) of the- Items included -in the test.=
-1-

The -Method- is effective provided the target information curve is

not too- irregular and does not vary too rapidly as a ifunction of 8.

The -results obtained here hold under -this' condition If the_ target curve''

is 'zoo irregular it will not be possible to build a test having the desired
_ _ 9 - - - _having

.information function by selecting items on b,

Practical Procedure (Suminaryl

Given L(8,e) and g(8)

n that approXimately minimize the expected loss:

frbm the available item pbol:

to build k parcel ohs of- length-

1. Plot ai and ci 'against hi to verify that the distribution

of and in the item pool is approximat the same

at-all leVels of

Test Constraints.

Compute

d

b as

n
H

al

assumed

p'
P- Q

n the subsection titled

de

Where IM is the number of items in

this integral does not depend on

item-.pooI-;.

he distribution of

1

NO-te that

in the pool.
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for some integer -lc

Selecting items only on their b use Birnbaum's method

select_a_pool of _nk items Such'_that the sum of the nk-

item information functions is approximately equal to

1[1.,"(e,e)-g(a))

,.Divide the irk- selected items into k tes forms -o n items

each,- all approximately parallel to each_Other.-

2. The Loss Function for Which en Test is an Optiti-Tilt

Consequently, _the loss function is ..given approximately by (3) and (ii)
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For fixed this is the equation of a parabola'

-12--

en- is not- too

small
-

will be -close to 8 and. (12) I..7111-provide an -adequate

approximation to the losk- function for those values of 8= that= are 11kely

to be observed. .For= close to the desired loss function cart-be
-

computed frOm (12)_ for any given test, provided is snecified.

Losb -functions have an invariance property that is important in

ling with-problems of test design. Consider- the social -cost in

dollars of an error of measurement at a given ability level-. If the

or of measurement (the discrepancy betw-en-the actual_ test score and.-

_

the true ability of which it is an estimate ) is-specified 'as a multiple-

of its standard error, as)imptot airy: (for large n the logs in__

dollars will be the same no matter what scale is used for measuring-

ability-

Instead of using the F scale suppose we .use. -the

number-right true-score scale, given by the monotoit dontilinous

ansformation

The examinee's obtained score .should now be taken to be



need to= use here the maximum likelihood estima

defined 1/-(141, noe-the

differs from e by K _times s.E.(816)., than; a

liaminee
-

ber_of-right answers.)

pt6tidally,

_will differ from -E by 'K times S.E.(Ela.. Asymptotically,

_K[S.E.(0(0)] is actually the same error of teasurement-on-the

as _KIS.E.((E)] is on -the:

_this error W111 be the_same regardless ofthe scale used
- _

scale; thus the social consequences

=Let:_(41 denote the inverse of transformation (13

the E stale, the loss function (12) beEomes

j® Eli 0( 2

scale'

'eased on

_

where _g_ denote the same functions as.Pteviously This

equation could be. used as it_stand

-,he preferable to expand it for fixed.,
- _

but for

_2
1 [0(E )] d6(E)

L

reasons of symmetry,-it may

in powe E E . The result

(15)

EqUation- 15- is usedllere to represent the loss= function when the

obtained score-.1, rather' than transformation has an

advantage for_presenting experimental results, since the number ight

score scale is more familiar to us than the
I

scale.



Note again that the actual metetary is __the- same regardless of

the:ecale againstwhich it is plotted. This invariance ma .es the' loss

function much more useful for guiding test design than the information'

function. Expressed on the

is typically a bell-shape

test information function fo

_

scald, the test information function for

; =expressed on the E scale, the

is necesparily a U -shaped curve

[Lord, 1980, Chapter .61. This lack of invariance makes difficult t

use the test information function as a convincing basis for test design.-

Estima tin the True g(o)

By its definition, expected loss (2) requires specification of

the distribution 0 in the target populatiod.- It is important to note

that the distribution of in the' target popul tion is not ,an adequate

estimate of g he true distribution of -0 'the reason is that

ontains-- errors of measurement_ and thus has -a larger -variance, than

Since g(8)- app#ar the .denominatcir of (12)-, it is particularly

important to estimate g(e) s accurateky=,as possible.

_

_To obtain the _numerical results= of Section 5, the true -distribution

nuMber-right true score ?13), here denoted by f (C)

hod 20 [Lord, 1980, Chapter 161. Since

an estimated lower _limit for was set

the estimated
. --

parameter_of item For purposes of Section 5 all

Was estimated by

where-

difficult

here

E )

represents
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iterk :parameters were estimA

5 by-ihe computer program`LO
_

The require*. estimate

obtained from the Methed

_ 15

ors a er -logistic model

or< the- tar& u_lation was

the, relation

The derivative in (16) is the.der-ivative (13 e n

,
-5 illustrative-"Exam

A representativesample of 19,949 examinees te tedviti 81-82 was
7

representative= sample

eobtained for the Sentenc Sense test in Form'3EJP e- e- rsey College
_., ---,

,.
basic Skills =Placement Test:-"Tbi-S competencypest- test--- of 35f urL-

choice items requiring the examinee to -distinguish correct from incorrect

English expression. The test i5 used p arily to assign certain entering

llege:studenta tin reufedial English classes.

The item responses of all 19,949 examinees were inalyzed, using LOGIST

to estimate -the itein Parameters of- all _item the test. The true distri-

forthe target population was-estimatedAas described in

.-Section 4 (for this purpose a response chosen

choices was

at random from the four

supplied wherever an examinee failed to respond

The test information. function 6).iwas calculated from the estimated item

parameters. .Finally,--th loss function f which the test is an optimally

designed- test-. was
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Figure 1 shows the actual distribution of number-right scores (fre-
-

___ _

quency polygon), the number-right true -ecore distribution estimated by

Method 20 (solid_cu and the-cdrresponding fitted distributionnf_

obServed) number- ight sdores_(dotted=cur_Ve

right answers out of a possible 35; The chi square between observed and

fitted number-rfght score distributions is at the 86th percentile of the

chi square distribution with 18 degrees df freedom In view of the large

samgle size ( ) this seems_ an -adequate fxt, as in-indeed sug-
_

gested visually by .the' agreement shown in Figure

The edtimated loss function (12) for which-the test is an optimally de-
.

signed ,test plotted; in Figure 2 against the El and Scales. The direct=

Lion of the 8 _scale is reversed from cohvntional "direction in order to
-

improve visibility. Los is hhown on the vertical scale. In-thi and

the next figure, the parabola for any given

within. two standard errors of the true

is drawn only for e _malues

The figure shows _harsthe "Sentence Sense test is -built 4S if it were

important pD,:measure acCuratelysehigh ability levels as weld, as at low

0.7

ability levels. ---Clearly,--thiOiS-notappropriate for a-competency

the test shouid assign high 1pasds to errors of measurement 'at ,low ability
, -

levels but -not,at-high ability bevels. Too more difficult i ea in the

test shOuld be replaced by ease

The estimated loss function

designed test plotted in Figur

items.

against number-right true sco e and



Freeldady-Alstrlbdtions trueand observed number-right--

scores. for ILICAUT Sedtedde Sedge,- Form3EJP,'N-=- 19949





22. 58

148.35-'

0.00
5.70

4.67
1-1

v
25.23 33A0 rt

35.00

=Estim.ated_Loss Fu nction for
as a function of true score

MU T, 3EJP, Sentence Sense, § 19949
E ) and estimated true score
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estitated number-right true score For ease of viewing, both oaIes at

the-bottom of the figure-run_in-the opposite-direction'frOM theScalew-

at -the- bottom of Figure 2. This plot is easier to interpret than-Figure- 2

since we are more accustomed"to the number -right score scale-than to the

.

scale._ The plot lOoksvery different fipm-Figure 2 because-

1. The_loss function for a ,nu ber7right score of -34 -is not-_sho-

The loss function for this score is-rather high and would

obscure ton much of the rest of the figure.

A-wide range at the high end of the 0 scale is compressed

into a small-range Of )number-right Scores, as-shown -in 'the

following table:

-5.2 -3.1 -2.4 -1.9 -1.6 -1.3 -1.0

Again, it appea s that the

where discrimination

test

22.- -24 -26_ 28 2 34

--.2-: .1 .5 1.0 2.1

discriminates at pigh-true score levels,

is not really desired. The loss function at E

not plotted) shows a loss o approximately 100 when is two standard

the shaperocs from . For number-right scores. f 30 and below;

tbe_loss function_seems ver =appropriate for a competency test, with very

high losses attributed t low-score levels.
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-the ease_ a minimum competencytest,,,the social losses arising
-

;- ---

from errors-of measurement will-be bigh:for,examinees-nea the cutting

score, which is always near the low end of-the score scale.
, -

Social

Will be near -zero for-examinees far from the cutting score, since decisions

about e

R-

examinees TAU: not be changed by small errors in their en

For a college admissions test, would seem reasonable to exp et

that errors of measurement in the scores ef highability sutdents will
_

resift in-relatively high social. losses. Somewhat -lower sociaL-lossea-

should-be-expected ro_result _from_errors in the scores of low ability

-students_

In the ces of grade.school tests of 'ability' or of voeabulary

'has sometimes been argued-:that, to be fair, the standard error of

measurement of the test score should be roughly the same for each
_

individilal (se for example, Hulit et el., 1983. p. 90). The first

difficulty with tilts approach is that its'impltcations for test designs

when-the test 'score is different than when the test

score i s __ sim- ply the dumber of ight-Aviv-10es.. Although equality of

standard errors of measurement at ability levels has strong intuitive

appeal. there is to clear way to .decide whether this equality should hold

on the 0 scale or on the number-right score scale, or on some

scale. I t cannot .hold-Simulta_eously on:twe'different

lihear transfer
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_

In _anyzcase, any gbal ofequal7standard errors of _measurement_ at:_
=

different ability levels is completely income tible with the goal of

imizing` expected social loss due to-errors of
_

sh.to minimize social loss; we must,_other things, being equal,

measurement, If we

_

mobilize ,our testdevelopment resources so as- to-measure most accurately-

at'those ability levels where the most-people are found. -146 cannot

waste items in order to secure_actutate measurement at ability levels

where only a few people will be affected unless, of course, there is

a-very-high-loss-function.,at_thaSe_ability levels, -'In= _a =w_ord,-acCuracy-.

-of measurement in-sparsely-populated stretches of the ability range must-

:

____beLsacrificedothet_things_being_aqualin order_to

accurate measurement in heavily populated stretchei

As aconcrete example, consider a vocabulary test

tain = more

grade 5 and

suppose our test is built to minimize overall_expecred loss. Suppose also,

= as might be reasonable for such a test, that the e-expected loss at a fixed-

ability level is constant ecross ability levels, so that, by (12),

where



Since-g(0)- -is small-for ektre0e--0 , the standard-error of_H-measurement,

Var.(*) , will in--thiscasetbe Very:much _largerfor examinees with

extreme 0 than for examinees with moderate 0 . Thus in this- case-the'

goal-of _equal- standard errors of measurement at all ability levels-'is
- _

utterly incompatible with minimizing overall expected lOss, This is
.

simply an illustration of the fac'f that if we wish to minimize overall

expected lossiour measurement effort must be concentrated on the ub-

ranges of ability that are most highly populated in the target population.
- _

To4summarize, in respect to aunidimensional test:

Given the loss function the distribution of ability in

target poPulation, and certain constraints on the available item pool, a-

---,method has been described for designing-a test_that_will minimize _e ected

- - 7-

Given a test and also thff distribution of ability in the

target population a math6d has been described for finding the loss

function for which this test is an optimally designed test given certain

constraints- on the -dvallable_ item _pool

Minimizing social

equal measurement accuracy

loss

across

in general incompatible with

examinees. To minimize social

loss, meaguement accuracy must be high (other things beimg equal/

over ability._ ranges hat are heavily populated, and relatively low

sparsely populated,
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